We construct the action of the quantum group Uv(sln) by the natural correspondences in the equivariant localized K-theory of the Laumon based Quasiflags' moduli spaces. The resulting module is the universal Verma module. We construct geometrically the Shapovalov scalar product and the Whittaker vectors. It follows that a certain generating function of the characters of the global sections of the structure sheaves of the Laumon moduli spaces satisfies a v-difference analogue of the quantum Toda lattice system, reproving the main theorem of Givental-Lee. The similar constructions are performed for the affine Lie agebra sln.
Introduction
1.1. This work arose from an attempt to understand the remarkable paper [6] of A. Givental and Y.-P. Lee. They consider the moduli spaces Q d introduced by G. Laumon in [7] , [8] . These are certain closures of the moduli spaces of based maps of degree d from P 1 to the flag variety B of sl n .
A Cartan torus T of SL n acts on Q d . The multiplicative group C * of dilations of P 1 (loop rotations) also acts on Q d . The formal character of the (infinite dimensional) T × C * -module RΓ(Q d , O d ) turns out to be a rational function on T × C * . One may form a certain generating function J of these rational functions for all degrees d. This function J encodes the T -equivariant quantum K-theory ring of B.
A. Givental and Y.-P. Lee prove that J satisfies a certain v-difference version of the quantum Toda lattice equations (here v stands for the tautological character of C * ). Moreover, they suggest another way to construct solutions of the v-difference Toda system: as the Shapovalov scalar product of the Whittaker vectors in the universal Verma module for the quantum group U v (sl n ). The latter construction was worked out independently in [3] , [13] .
1.2. The principal goal of the present paper was to identify these two constructions of solutions of the v-difference Toda system. Namely, we prove that the natural correspondences between the moduli spaces Q d (for the degrees differing by a simple root) give rise to the action of the standard generators of U v (sl n ) on the localized equivariant K-theory ⊕ d K T ×C * (Q d ). Here the localization is taken with respect to the K T ×C * (·) = C[T × C * ], that is, we tensor everything with the fraction field of C[T × C * ]. This is needed since the above correspondences are not proper, but the subspaces of their T × C * -fixed points are proper (in fact, they are finite), so their action is well defined only in the localized equivariant K-theory. This way we get a U v (sl n )-module, and we identify it with the universal Verma module M . We also compute in geometric terms the Shapovalov scalar product on M , and the Whittaker vectors. It turns out that the generating function for the Shapovalov scalar product of the Whittaker vectors is a simple modification of the Givental-Lee generating function J. Thus we reprove the Main Theorem of Givental-Lee.
1.3. There is a similar generating function J for equivariant integrals of the unit cohomology classes of Q d which controls the T -equivariant quantum cohomology of B. It satisfies the quantum Toda lattice differential system, as proved originally by A. Givental and B. Kim. For the simple Lie algebras g other than sl n there is no analogue of the Laumon moduli spaces Q d but there is Drinfeld's moduli space of Quasimaps Z d (g). It also exists for the case of affine Lie algebras, under the name of Uhlenbeck compactification. In the sl n case Q d is a small resolution of Z d (sl n ). In the affine sl n case Z d ( sl n ) possesses a semismall resolution of singularities: the moduli space P d of torsion free parabolic sheaves on P 1 × P 1 .
In the work [1] , a generating function J for equivariant integrals of the unit IC cohomology classes of Z d (g) was proved to satisfy the quantum Toda lattice (or its affine version for the case of affine Lie algebras) by constructing the action of the Langlands dual Lie algebraǧ in the equivariant Intersection Cohomology of the Drinfeld compactifications. Thus [1] offered a representation theoretic explanation of the Givental-Kim results. And the present work is a multiplicative analogue of [1] in the simplest case of sl n .
1.4. It would be extremely interesting to extend our work to other simple and affine Lie algebras. It would require something like an equivariant "IC K-theory" of Z d (g) which is not defined at the moment. In case of sl n the IC cohomology of Z d (sl n ) coincides with the cohomology of the small resolution Q d , while in the affine case of sl n the IC cohomology of Z d ( sl n ) is a direct summand in the cohomology of the semismall resolution P d . Accordingly, one might look for the correct "IC K-theory" of Z d ( sl n ) as an appropriate direct summand of the usual K-theory of P d . This is done in the Section 3. Namely, similarly to the case of Laumon spaces, the quantum affine group U v ( sl n ) acts by the natural correspondences on the direct sum of localized equivariant K-groups ⊕ d K T ×C * ×C * (P d ). However, this module looks more like the universal Verma module for U v ( gl n ), and we have to specify a certain submodule isomorphic to the universal Verma module for U v ( sl n ). Then we construct geometrically the Shapovalov scalar product, and the Whittaker vectors. It turns out that the Shapovalov scalar product of the Whittaker vectors can be expressed via the formal characters of the global sections RΓ(P d , O d ) as in the case of sl n . However, we were unable to derive any v-difference equation for the affine version of the generating function J.
Laumon spaces and quantum groups
2.1. We recall the setup of [5] . Let C be a smooth projective curve of genus zero. We fix a coordinate z on C, and consider the action of C * on C such that v(z) = v −2 z. We have C C * = {0, ∞}.
We consider an n-dimensional vector space W with a basis w 1 , . . . , w n . This defines a Cartan torus T ⊂ G = SL n ⊂ Aut(W ). We also consider its 2 n−1 -fold cover, the bigger torus T , acting on W as follows: for T ∋ t = (t 1 , . . . , t n ) we have t(w i ) = t 2 i w i . We denote by B the flag variety of G.
2.2.
Given an (n − 1)-tuple of nonnegative integers d = (d 1 , . . . , d n−1 ), we consider the Laumon's quasiflags' space Q d , see [8] , 4.2. It is the moduli space of flags of locally free subsheaves
It is known to be a smooth projective variety of dimension 2d 1 + . . . + 2d n−1 + dim B, see [7] , 2.10.
We consider the following locally closed subvariety
It is known to be a smooth quasiprojective variety of dimension 2d 1 + . . . + 2d n−1 .
2.4. The group G × C * acts naturally on Q d , and the group T × C * acts naturally on Q d . The set of fixed points of T × C * on Q d is finite; we recall its description from [5] , 2.11. Let d be a collection of nonnegative integers (d ij ), i ≥ j, such that d i = i j=1 d ij , and for i ≥ k ≥ j we have d kj ≥ d ij . Abusing notation we denote by d the corresponding T × C * -fixed point in Q d :
2.5.
For i ∈ {1, . . . , n − 1}, and d = (d 1 , . . . , d n−1 ), we set d + i := (d 1 , . . . , d i + 1, . . . , d n−1 ). We have a correspondence
In other words, E d,i is the moduli space of flags of locally free sheaves
According to [7] , 2.10, E d,i is a smooth projective algebraic variety of dimension 2d 1 + . . . + 2d n−1 + dim B + 1.
We denote by p (resp. q) the natural projection E d,i → Q d (resp. E d,i → Q d+i ). We also have a map r : E d,i → C,
The correspondence E d,i comes equipped with a natural line bundle L i whose fiber at a point
We also have a transposed correspondence T E d,i ⊂ Q d+i × Q d . It is a smooth quasiprojective variety of dimension 2d 1 + . . . + 2d n−1 + 1.
2.7.
We denote by ′ M the direct sum of equivariant (complexified) K-groups:
We define M = ′ M ⊗ K T ×C * (pt) Frac(K T ×C * (pt)).
We have an evident grading
2.8. The grading and the correspondences T E d,i , E d,i give rise to the following operators on M (note that though p is not proper, p * is well defined on the localized equivariant K-theory due to the finiteness of the fixed point sets):
2.9. We recall the notations and results of [12] in the special case of quantum group of SL n type.
subject to the following relations:
Sevostyanov considers elements e i , f i ∈ U depending on a choice of (n − 1) × (n − 1)-matrices n ij , c ij . We make the following choice: (6) n i,i = −2i; n i,i+1 = n i,i−1 = i, otherwise n ij = 0.
otherwise c ij = 0. In other words, c ij = n ij − n ji . Then we have
, and the relations (2)-(5) above are equivalent to the relations (9)-(12) below.
were introduced by C. M. Ringel in [11] . They are the natural generators of the Hall algebra of the A n−1 -quiver with the set of vertices 1, . . . , n − 1, and orientation i −→ i + 1. More generally, Ringel's construction works for an arbitrary orientation of an ADE quiver, and produces Sevostyanov's generators f i (in the simply laced case). It can be seen easily that the set of Sevostyanov's matrices c ij (parametrizing the choices of his "Coxeter realizations") is in a natural bijection with the set of orientations of the corresponding quiver.
2.11. We are finally able to formulate our main theorem. Recall the operators
The relations (1) and (2) are evident. The relation (3) for i = j follows from a transversality property formulated in the next subsection.
2.13. We consider the subvarieties p −1 12 (E d,i ) and p −1
of prescribed ranks and degrees. Their intersection is the moduli space of flags (say, i < j)
W of prescribed ranks and degrees which is smooth according to [7] , 2.10. Hence the intersection is transversal. This completes the proof of (a).
In (b) we prove similarly that p −1
W of prescribed ranks and degrees which is smooth according to [7] , 2.10. Hence the intersection is transversal. This completes the proof of (b).
Part (c) was proved in [5] , 3.6. We just recall that the mutually inverse isomorphisms send a triple (W
Because of the transversality in 2.14(a), p *
. Similarly, due to the transversality in 2.14(b), the composition F j E i is given by the action of correspondence
. Now the isomorphism in 2.14(c) clearly takes L i,j to L ′ i,j , and a routine check shows that
. This completes the proof of the relations (3) for i = j. (3) for i = j we use the localization to the fixed points.
To prove the relation
According to the Thomason localization theorem (see e.g. [2] ), restriction to the t 0 -fixed point set induces an isomorphism
The classes of the structure sheaves [ d] of the T × C * -fixed points d (see 2.4) form a basis in
. In order to compute the matrix coefficients of E i , F i in this basis, we have to know the character of the T × C * -action in the tangent spaces T d Q d and also in the tangent spaces to the fixed points in the correspondences. This is the subject of the following Proposition.
The parts a), b) follow easily. The part c) is obvious.
Let us denote by
It is the inverse of the character of the corresponding exterior algebra, thus it lies in the fraction field Frac(K T ×C * (pt)). According to the Bott-Lefschetz fixed point formula, the matrix coefficient
Hence, the matrix coefficient 
And the matrix coefficient
All the other matrix coefficients of E i , F i vanish.
Now the relation (3) boils down to the following identity.
Proposition 2.21.
Proof. We introduce the new variables q :
Then the LHS of 2.21 equals
Dividing both the LHS and the RHS by
If we subtract the LHS from the RHS we obtain a rational expression in s j of degree 0, that is, the degree of numerator is not bigger than the degree of denominator. We see easily that as s j tends to ∞, the difference of the RHS and the LHS tends to 0. The possible poles of the difference can occur at s j = 0, s j = s k , s j = qs k , s j = q −1 s k . We see easily that the principal parts of the difference at these points vanish. We conclude that the difference is identically 0. This completes the proof of the Proposition.
2.22. To finish the proof of relation (3) we note that the commutator correspondence
. This is proved exactly as in Lemma 2.14.
In other words, E i F i − F i E i is given by tensor product ? →? [ d, d] and proves that it equals
This completes the proof of the relation (3).
2.23. Alternatively, the relation (3) follows from the next Lemma. We consider a 2-dimensional vector space with a basis w 1 , w 2 . Let T be a torus acting on w 1 (resp. w 2 ) via a character τ 2 1 (resp. τ 2 2 ). Let Z d1,d2 be the moduli stack of flags of coherent sheaves W 1 ⊂ W 2 on C locally free at ∞ ∈ C, equipped with a trivialization W 1 | ∞ = w 1 , W 2 | ∞ = w 1 , w 2 , and such that deg
Finally, E d1 is equipped with the line bundle L d1 whose fiber at the point (W 1 , W 2 ; W ′ 1 , W ′ 2 ) equals Γ(C, W 1 /W ′ 1 ). The stack Z d1,d2 is smooth, and acted upon by T × C * . So it makes sense to consider the operators f := p * q * : (3), or equivalently, (10) for j = i from Lemma 2.24 we consider the map
To derive the relation
We also have the natural maps e d,i :
We may consider e i (resp. f i , e, f ) as an element of
). We evidently have
Moreover, according to [9] , 8.2 (Restriction of the convolution to submanifolds), we have
We already know from the argument in 2.22 that the correspondence e i * f i − f i * e i acts as tensor multiplication with a certain class X i ∈ M d . Similarly, the correspondence e * f − f * e acts in K T ×C * (Z di−di−1,di+1−di ) ⊗ K T ×C * (pt) Frac(K T ×C * (pt)) as tensor multiplication with a certain class X ∈ K T ×C * (Z di−di−1,di+1−di ) ⊗ K T ×C * (pt) Frac(K T ×C * (pt)) By (13) we must have X i = z * d X. Thus the relation (10) for j = i follows from Lemma 2.24.
2.26. Unfortunately, we do not know an intelligent proof of this Lemma. Instead we reverse the argument and derive it from the relations (10) for all n, i. In effect, we must compute
However, the direct product of inverse images
is an embedding. This completes the proof of Lemma 2.24.
2.27. To complete the proof of Theorem 2.12 it remains to check the relations (4), (5) . To this end we consider the algebra U given by the generators [(0, . . . , 0) ] is the highest weight vector;
We will write down a geometric expression for the Shapovalov form. Evidently, the different weight spaces of M are orthogonal with respect to the Shapovalov form. We consider the line bundle D i on Q d whose fiber at the point (W • ) equals det RΓ(C, W i ). We also define the line bundle D :
Proof. Since det RΓ is multiplicative in short exact sequences, we have an equality of line bundles on the correspondence E d,i : p * D = q * D ⊗ L i . Now the projection formula shows that the operators p * q * and q * (L i ⊗ p * ) are adjoint with respect to the pairing G 1 ,
Finally, it is easy to see that the v, t-factor takes care of the scaling coefficients of our E i , F i . 
Proof. a) We have q * O d+i = O E d,i . Furthermore, since p×r : E d,i → Q d ×(C−∞) is proper and birational, and both the sourse and the target are smooth, we have (p × r)
By the projection formula we are reduced to 
Recall the change of variables we used in the proof of Proposition 2.21:
This follows immediately from the well known identity
This completes the proof of the Proposition.
Corollary 2.33. The Shapovalov scalar product of the Whittaker vectors equals (k d , w d ) = (−1)
2.34. According to the works [3] , [13] , the appropriate generating function of the Shapovalov scalar product of the Whittaker vectors satisfies a v-deformed (v-difference) version of the quantum Toda lattice equations. Let us recall the required notations and results. We introduce the formal variables z 1 , . . . , z n , and we set Q i = exp(z i − z i+1 ), i = 1, . . . , n − 1. We set = log(v), so that v = exp( ). We introduce the shift operators T i , i = 1, . . . , n, acting on the space of functions of z 1 , . . . , z n invariant with respect to the simultaneous translations f (z 1 , . . . , z n ) = f (z 1 + z, . . . , z n + z). Namely, we set T i f (z 1 , . . . , z n ) = f (z 1 , . . . , z i + , . . . , z n ).
We define the following v-difference operators:
We also consider the following generating functions:
Then according to the last formula of [13] (or equivalently, the formula (5.7) of [3] ), we have 
Parabolic sheaves and affine quantum groups
3.1. Parabolic sheaves. We recall the setup of [4] . Let X be another smooth projective curve of genus zero. We fix a coordinate x on X, and consider the action of C * on X such that
Given an n-tuple of nonnegative integers d = (d 0 , . . . , d n−1 ), we say that a parabolic sheaf F • of degree d is an infinite flag of torsion free coherent sheaves of rank n on S : . . .
] for any k: the first Chern classes are proportional to the fundamental class of D 0 ;
(c) ch 2 (F k ) = d i for i ≡ k (mod n); (d) F 0 is locally free at D ∞ and trivialized at D ∞ :
(e) For −n ≤ k ≤ 0 the sheaf F k is locally free at D ∞ , and the quotient sheaves F k /F −n , F 0 /F k (both supported at D 0 = C × 0 X ⊂ S) are both locally free at the point ∞ C × 0 X ; moreover, the local sections of F k | ∞C×X are those sections of F 0 | ∞C×X = W ⊗ O X which take value in w 1 , . . . , w n−k ⊂ W at ∞ X ∈ X.
According to [4] , 3.5, the fine moduli space P d of degree d parabolic sheaves exists and is a smooth connected quasiprojective variety of dimension 2d 0 + . . . + 2d n−1 .
The group T × C * × C * acts naturally on P d , and its fixed point set is finite.
3.2.
Correspondences. If the collections d and d ′ differ at the only place i ∈ I := Z/nZ, and d ′ i = d i + 1, then we consider a correspondence E d,i ⊂ P d × P d ′ formed by the pairs (F • , F ′ • ) such that for j ≡ i (mod n) we have F j = F ′ j , and for j ≡ i (mod n) we have F ′ j ⊂ F j . It is a smooth quasiprojective algebraic variety of dimension 2 i∈I d i + 1. In effect, the argument of [4] , Lemma 3.3, reduces this statement to the corresponding fact about Laumon correspondences (see [7] , 2.10).
We denote by p (resp. q) the natural projection E d,i → P d (resp. E d,i → P d ′ ). For j ≡ i (mod n) the correspondence E d,i is equipped with a natural line bundle L j whose fiber at (F • , F ′ • ) equals Γ(C, F j−n /F ′ j−n ). Finally, we have a transposed correspondence T E d,i ⊂ P d ′ × P d .
3.3. We denote by ′ M the direct sum of equivariant (complexified) K-groups:
. . , t n , v, u : t 1 · · · t n = 1]. We define M = ′ M ⊗ K T ×C * ×C * (pt) Frac(K T ×C * ×C * (pt)).
Frac(K T ×C * ×C * (pt)).
3.4. The grading and the correspondences T E d,i , E d,i give rise to the following operators on M (note that though p is not proper, p * is well defined on the localized equivariant K-theory due to the finiteness of the fixed point sets):
For n > 2 and i = 0, . . . , n − 1 we define
For n = 2 we define E i = e i .
3.5.
Sevostyanov's form of affine quantum SL n . Let I denote the set Z/nZ of residue classes modulo n.
, subject to the following relations:
For n > 2 we also consider elements e i , f i ∈ U depending on the following choice of n × nmatrices n ij , c ij (cf. [12] , Remark 3):
(28) n i,i = 1, n i,i+1 = −1, n i+1,i = 0, otherwise n ij = 0.
(29)
Then we set (31)
The following conjecture is an affine analogue of Theorem 2.12. Recall the operators 3.11. We will write down a geometric expression for the Shapovalov form on the universal Verma module M ′ over U. Evidently, the different weight spaces of M ′ are orthogonal with respect to the Shapovalov form. For i = 0, . . . , n−1, we consider the line bundle D i on P d whose fiber at the point (F • ) equals det RΓ(S, F i−n ). We also define the line bundle D d := n−1 i=0 D i . The following proposition is proved exactly as 2.30.
3.13. We define a formal sum in a completion of M as follows:
We also consider the following formal sum:
Proposition 3.14. a) n is a common eigenvector of the operators f i with the eigenvalue (1 − v 2 ) −1 ; b) u is a common eigenvector of the operators e * i with the eigenvalue (1 − v 2 ) −1 .
Proof. a) is proved exactly as Proposition 2.32 (a).
To check b) we argue as in the proof of Proposition 2.32 (b), and reduce it to
To verify this we recall the setup of 2.23, and claim that in the notations of loc. cit. we have
In effect, (37) is deduced from (14) by the argument of 2.26. Finally, (36) is deduced from (37) by the argument of 2.25.
The Proposition is proved.
Corollary 3.15. The Shapovalov scalar product of the Whittaker vectors equals (n d , u d ) = (−1) (38) f i A = 0 ∀ i ∈ I =⇒ RΓ(P d , A) = 0.
We will derive (38) from the corresponding claim in the equivariant (complexified) Borel-Moore homology H T ×C * BM (P d ). Let Td P d denote the equivariant Todd class in the completion of the equivariant cohomology. Let also ch * denote the homological Chern character map from the equivariant K-theory to the completion of the equivariant Borel-Moore homology (see e.g. [2] ). We define a := Td P d ∪ ch * A ∈ H T ×C * BM (P d ) By the bivariant Riemann-Roch Theorem (see e.g. [2] , 5.11.11) we have ch * (f i A) = ch * (p * q * A) = p * q * a where in the RHS p * and q * refer to the operations in the (localized and completed) equivariant Borel-Moore homology. We also have RΓ(P d , A) = P d a. Since ch * is injective, and the operation ? → Td P d ∪? is invertible, the claim (38) follows from the corresponding claim in the equivariant Borel-Moore homology H T ×C * BM (P d ):
(39) f i a = 0 ∀ i ∈ I =⇒ P d a = 0.
Here f i = p * q * is a part of the action of the affine Lie algebra sl n on M := ⊕ d H T ×C * BM (P d ) (localized and completed equivariant Borel-Moore homology). The positive generators act as e i = q * p * . This can be checked along the lines of Theorem 3.9 but simpler.
Reversing the argument in the beginning of the proof, we see that (39) is equivalent to the statement that the fundamental cycle [P d ] ∈ H T ×C * BM (P d ) is contained in the subspace M ′ of M generated by the action of e i , i ∈ I, from [P (0,...,0) ].
Recall the semismall resolution morphism π d : P d → P d to the Uhlenbeck flag space, see [4] . By the Decomposition Theorem of Beilinson-Bernstein-Deligne-Gabber, the direct sum of (localized and completed) equivariant Intersection Homology ′ M := ⊕ d IH T ×C * (P d ) is a direct summand of M.
Now [1] defines the action of sl n on ′ M, and one can check that the action of [1] is the restriction of the above sl n -action on M. It follows that ′ M = M ′ . Finally, it is proved in [ 
This completes the proof of the Proposition. 
